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1. Introduction
Neutral beauty mesons may oscillate into their antiparticles, so that the physical states (those
with well-defined masses and lifetimes) are admixtures of the flavor eigenstates. This mixing
is parametrized by the magnitudes of the dispersive and absorptive components of the 〈B|H|B¯〉
transition amplitude – a box loop in the standard model (SM) – as well as their relative phase,
denoted φd,s in the B0 and B0s systems, respectively. The dispersive component generates mass
splittings of the physical states, ∆m(d,s), and is sensitive to heavy off-shell contributions from new
physics (NP). The absorptive component generates width splittings ∆Γ(d,s). It arises only from
on-shell internal charm and up quark contributions, and is therefore less sensitive to possible NP
effects.
Two types of mixing-related CP violation arise in these systems. The first, CP violation in
mixing, occurs when the meson and anti-meson have different probabilities to oscillate into each
other, and is predicted to be very close to zero in the SM with a very small theoretical uncertainty.
The second, CP violation in the interference of decay and mixing, occurs when both the meson and
anti-meson can decay to the same final state, and the decay paths with and without intermediate
mixing interfere. This kind of CP violation is highly sensitive to the phase, φd,s, and its absolute
size depends on the final state in question.
Aside from their intrinsically fundamental nature, measurements of mass and width splittings
and mixing-related CP violation are of great interest because many of the observables can be
predicted very precisely in the SM, and because new particles or force-carriers beyond the SM
(BSM) can alter these predictions in experimentally observable ways. Many different experimental
collaborations have contributed to our understanding of mixing in the B system, from the initial
discovery of B mixing by the ARGUS collaboration [1], to precise measurements of ∆m(d,s) and the
CKM-angles α and β at the B-factories and Tevatron, to recent precise measurements of φs, ∆Γs,
and first precise mixing-related measurements of the CKM-angle γ at ATLAS, CMS, and LHCb. At
the same time, great progress has been made in making more precise theoretical predictions of the
SM values of many of these quantities, making these experimental measurements sensitive probes
of BSM physics.
The remainder of this document covers the current status of experimental measurements for
each observable of interest, as well as their near-term outlook. Section 2 covers measurements
of φs and ∆Γs, section 3 measurements of ∆m(s,d). Section 4 covers the measurements of photon
polarization in radiative decays, while sections 5 to 7 cover measurements of the CKM angles α , β ,
and γ , respectively. For historical reasons, measurements of CP violation in neutral meson mixing
are covered in the proceedings of WG2 [2]. We then discuss ongoing theoretical developments
relevant to our WG in Sec. 8. Finally we conclude, and discuss the medium to long-term outlook for
mixing-related measurements in the B system.
2. Measurements of φs and ∆Γs
The φs weak phase and B0s meson decay width difference can be extracted by a time dependent
full angular decay analysis of the B0s → J/ψK+K− decays. Such measurements have traditionally
used the subset of decays where the K+K− pair originates in the decay of a φ meson, because
1
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its narrow width allows for an excellent background rejection, but since the conference the first
measurement which uses the full K+K− mass spectrum [3] has become available, and more such
measurements are expected in the future. The importance of φs is that, in the absence of significant
loop-diagram contributions to B0s → J/ψK+K− decays (“penguin pollution”), its value is precisely
predicted [4] in the SM
φs =−0.036±0.002 , (2.1)
and accurate experimental measurements of φs are therefore sensitive probes of the presence of
BSM effects in the mixing and decay of B0s mesons.
The results that the ATLAS [5] and CMS Experiments obtained on their Run1 datasets using
B0s → J/ψφ decays are:
φs = −0.090±0.078(stat)±0.041(syst) [rad] , (2.2)
∆Γs = 0.085±0.011(stat)±0.007(syst) [ps−1] , (2.3)
for ATLAS [6] and:
φs = −0.075±0.097(stat)±0.031(syst) [rad] , (2.4)
∆Γs = 0.095±0.013(stat)±0.007(syst) [ps−1] , (2.5)
for CMS [7]. As can be seen in Fig. 1 both measurements are in excellent agreement with the SM
expectations.
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Figure 1: Results on φs and ∆Γs from B0s → J/ψφ decays from (left) ATLAS [6] and (right) CMS [7],
reproduced from the respective citations.
The LHCb measurements of φs are covered in detail elsewhere in these proceedings [8]. LHCb
uses not only B0s → J/ψφ but also B0s → J/ψ pi+pi− decays, where the pi+pi− system is dominated
by the f0(980) resonance and is greater than 97.7% CP-odd. In this case no angular analysis is
required, considerably simplifying the measurement and providing important complementarity of
systematic uncertainties. The analysis of B0s → J/ψφ finds ∆Γs = 0.0805±0.0091±0.0032 ps−1,
where the first uncertainty is statistical and the second systematic. A combination of B0s → J/ψφ
and B0s → J/ψ pi+pi− gives φs =−0.010±0.039 rad, which is the most precise single-experiment
2
Summary of CKM 2016 Working Group 4 Alessandro Gaz
determination of this quantity. LHCb has also measured φs using B0s → ψ(2S)φ decays, obtaining
0.23+0.29−0.28±0.02 rad.
While B0s → J/ψK+K− is expected to be dominated by the tree-level diagram, as the exper-
imental precision on φs improves it will become increasingly important to account for residual
penguin pollution [9] in order to correctly interpret any agreement, or otherwise, with the theoretical
prediction. The size of such effects can be controlled using a combination of B0s → J/ψK∗0 and
B0→ J/ψρ decays, which are related by U-spin symmetry and in the limit of zero non-factorizable
SU(3) breaking are sensitive to the same, universal, penguin amplitudes and phases. LHCb has
performed measurements of both modes [10, 11] and measures essentially zero penguin pollution
to φs with a precision of around 15 mrad in all three polarization-dependent phases. The LHCb
measurement is statistics limited and penguin pollution to φs should therefore remain under control
as the experimental precision approaches the SM value.
In addition to comparisons with the SM prediction, such tree-dominated measurements of φs can
also be compared with the measurement of the related quantity φ ssss in the loop-dominated decays
B0s → φφ and B0s → K+pi−K+pi−. In the absence of BSM physics effects, this quantity is expected
to be very close to zero. LHCb has measured [12] φ ssss =−0.17±0.15±0.03 rad using B0s → φφ ,
in excellent agreement with the SM prediction. The measurement, which uses B0s → K+pi−K+pi−,
is ongoing; it is considerably more challenging and requires a two-dimensional Dalitz analysis to
account for the interfering intermediate resonances.
LHCb has also measured [13] the time-dependent CP violation in B0→ pi+pi− and B0s →K+K−
decays. These can be interpreted1 in a combined U-spin analysis [15] as either measurements of γ
or φs. Because the combined U-spin analysis is much less sensitive to U-spin breaking [16] when
interpreted as a measurement of φs, this is therefore the currently preferred way to interpret the
measurements of these CP observables.
CP violation in B0→ pi+pi− has been measured previously by BaBar [17] and Belle [18], while
the measurement of B0s → K+K− is unique to LHCb. Using a two-dimensional fit to the mass and
decay-time of the neutral B mesons, LHCb observes CP violation in the interference of mixing and
decay of B0s mesons for the first time, and finds
Cpipi = −0.24±0.07±0.01, Spipi =−0.68±0.06±0.01, (2.6)
CKK = 0.24±0.06±0.02, SKK = 0.22±0.06±0.02, (2.7)
A∆KK = −0.75±0.07±0.11, (2.8)
where the first uncertainty is statistical and the second systematic. It can be seen that the (co)sinusoidal
C and S parameters have negligible systematic uncertainties, while the hyperbolic A∆KK , which is
sensitive to differences in the distributions of B0s and B¯0s induced by ∆Γs at high decay-times, is much
more sensitive to experimental effects. This is the most precise single-experiment determination
of Spipi , and significantly improves the world-average of this parameter as shown in Fig. 2. A
combined interpretation in terms of φs is not available at the time of writing but is expected to be
performed in the future, and both LHCb and Belle-II are expected to improve our knowledge of
1In the absence of information about B0s → K+K−, measurements of time-dependent CP violation in B0→ pi+pi−
have traditionally [14] been combined with other two-body B0 decays in an isospin analysis to obtain a measurement of
α .
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the CP observables in the future. The measurement of A∆KK is a world first, allowing for a twofold
reduction in the ambiguity of the φs determination and can also be interpreted as a measurement of
∆Γs.
Figure 2: World average of time-dependent CP observables in B0→ pi+pi−, reproduced from HFLAV [14].
3. Measurements of ∆m(d,s) and ∆Γd
The neutral B meson mass splittings ∆m(d,s) have been precisely measured by BaBar, Belle,
CDF, D0, and LHCb. The world average [14] of these measurements is currently dominated by the
LHCb determinations, based on an analysis [19] of semileptonic B0 decays in the case of ∆md , and
based on an analysis [20] of B0s → D−s pi+ decays in the case of ∆ms. LHCb finds
∆md = (0.505±0.0021±0.0010)ps−1 , ∆ms = (17.768±0.023±0.006)ps−1 , (3.1)
where the first uncertainty is statistical, and the second systematic. Neither analysis is systematics
limited, and LHCb is expected to update both measurements in the future. Belle-II will also be able
to make a significant contribution to a precise measurement of ∆md . A measurement of ∆ms will be
difficult for ATLAS and CMS because of a lack of efficient triggers for purely hadronic decays, but
may become possible [21] in the HL-LHC era once their first-level tracking triggers come online,
which would provide an important independent cross-check of LHCb’s measurement.
The B0 width splitting ∆Γd is predicted [22] to be ∆Γd/Γd = (4± 1) · 10−3 in the SM, and
measuring it is therefore a useful null test of the SM [23]. Such tests are particularly important
as a non-null value of ∆Γd/Γd could have important implications for the interpretation of CP
violation in the mixing of B0 mesons, particularly in the context [24] of the D0 dimuon asymmetry
measurement. LHCb has analyzed the effective decay-times of B0→ J/ψK∗0 and B0→ J/ψK0S
decays and obtains [25] ∆Γd/Γd = (−4.4±2.5±1.1) ·10−2, while the current WA is dominated by
the ATLAS measurement [26] of ∆Γd/Γd = (−0.1±1.1±0.9) ·10−2, where the first uncertainties
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are statistical and the second systematic. While the systematic uncertainties are dominated by
simulation sample sizes, both measurements are still an order of magnitude away from probing the
SM prediction, so it will be important that even the subdominant systematics scale with luminosity
if we hope to one day observe a non-null ∆Γd/Γd at its SM value.
The BaBar Collaboration studies the B0d−Bd
0 oscillations to test the conservation of the CPT
symmetry [27]. At the lowest order in |q/p|−1 and z, the two mass eigenstates can be written:
BH = (p
√
1+ z B0−q√1− z B0)/
√
2 , (3.2)
BL = (p
√
1− z B0+q√1+ z B0)/
√
2 , (3.3)
where:
|q/p|= 1− 2ℑ(m
∗
12Γ12)
4|m12|2+ |Γ12|2 , z =
(m11−m22)− i(Γ11−Γ22)/2
∆m− i∆Γ/2 . (3.4)
The test is performed by fitting the C and S parameters of the CP violation in the interference
between mixing and decay in B→ cc¯K0S,L, when the other B in the event decays to the `±X final
state, separating the cases when the decay of the B to the CP-eigenstate happens before or after the
decay of the other B to the flavor-specific final state. The assumption |A/A|= 1, where A (A) is the
amplitude of B0→ cc¯K0 (B0→ cc¯K0) is not enforced.
The final result is:
ℑ(z) = 0.010±0.030(stat)±0.013(syst) , (3.5)
ℜ(z) = −0.065±0.028(stat)±0.014(syst) , (3.6)
|A/A| = 0.999±0.023(stat)±0.017(syst) , (3.7)
in good agreement with CPT conservation.
4. Measurements of photon polarization in radiative decays
Radiative decays such as B0s → φγ give access to information about the photon polarization, and
tests the presence of possible right-handed couplings and set constraints on the Wilson coefficients
C7 and C′7 in EFT frameworks. Previous measurements [14] of photon polarization in radiative B
0
decays have been compatible with SM predictions.
LHCb is uniquely able to probe photon polarization in radiative B0s decays, which offer a
complementary test of BSM physics. While a full analysis requires tagging the production flavor of
the B0s meson, the large value of ∆Γs allows a measurement of the effective lifetime of B0s → φγ to
be interpreted in terms of the CP-violating observable A∆. LHCb performs this measurement [28] by
normalizing the B0s → φγ decay-time distribution to that of B0→K∗0γ , cancelling most experimental
biases on the decay-time. The fitted mass and decay-time distributions are shown in Fig. 3; LHCb
finds A∆ =−0.98+0.46−0.52, in 2σ agreement with the SM prediction [29] of A∆ = 0.047±0.025±0.015.
The measurement is statistics limited, and future tagged analyses will enable the (co)sinusoidal CP
observables to be measured, allowing both the real and imaginary components of C7 and C′7 to be
constrained.
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Figure 3: Distributions of the fitted B0s → φγ (left) invariant mass and (right) decay-time, reproduced
from [28].
5. Measurements of the CKM angle α
One of the possible ways to extract the CKM angle α is through an isospin analysis of the
B→ ρρ decays. The Belle Collaboration recently updated their measurements of the branching
fraction, longitudinal polarization fraction, and CP-violation parameters of the B0→ ρ+ρ− decay,
using their full dataset [30]. The results are:
B(B0→ ρ+ρ−) = [28.3±1.5(stat)±1.5(syst)]×10−6 , (5.1)
fL = 0.988±0.012(stat)±0.023(syst) , (5.2)
S = −0.13±0.15(stat)±0.05(syst) , (5.3)
C = 0.00±0.10(stat)±0.06(syst) . (5.4)
Combining the results summarized above with previous B→ ρρ measurements in an isospin
analysis, one of the solutions is:
α = (93.7±10.6)◦ , (5.5)
in very good agreement with the SM.
6. Measurements of the CKM angle β
While the world average [14] of β is still dominated by the BaBar [31] and Belle [32] measure-
ments, LHCb also contributes [33] and can be expected to reach the BaBar and Belle individual
sensitivities once Run II data and improvements in flavor tagging are included in the analysis. LHCb
has also measured [34] CP violation in B0s → J/ψK0S decays, which can help to constrain the size
of penguin contributions to the measurement of β from B0→ J/ψK0S , as well as the CP violating
parameters in B0→ D+D− decays, which can also be interpreted in terms of constraints on β . The
current world average of measurements of B0 → D+D− is shown in Fig. 4; interestingly while
all measurements are compatible with each other, the LHCb measurement does not confirm the
maximal (within uncertainty) Belle measurement of S.
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Figure 4: World average of time-dependent CP observables in B0→ D+D−, reproduced from HFLAV [14].
The BaBar and Belle Collaboration obtained the first observation of CP-violation in the channels
B0→ D(∗)CPh0, where h0 is a light unflavored neutral meson, by combining their final datasets [35].
Neglecting the very small contribution from the CKM suppressed amplitude b→ uc¯d, the time
dependent analysis is sensitive to sin(2β ). A joint likelihood, sharing the same physics parameters
but independent background modeling parameters, the two experiments find:
−η f S = +0.66±0.10(stat)±0.16(syst), (6.1)
C = +0.02±0.07(stat)±0.03(syst), (6.2)
with the significance of the observation being 5.4 standard deviations.
7. Measurements of the CKM angle γ
Measurements of the CKM angle γ require the interference of b→ u and b→ c transitions.
Such interference can occur in the decays of charged as well as neutral B hadrons, in tree-dominated
transitions as well as transitions where both tree and loop diagrams contribute. The measurement
of γ from the tree-dominated decays of B± mesons, covered in the proceedings of WG5 [36], has
a particular importance as it allows a purely tree-level2 determination of the apex of the unitarity
triangle, and therefore a test of the self-consistency of the CKM mechanism of CP violation when
compared with determinations of α and β in transitions where both tree and loop diagrams contribute.
It is also, however, possible to measure γ by exploiting CP violation in the interference of mixing and
decay of neutral B mesons. These time-dependent determinations of γ are particularly powerful in
the case of B0s mesons, because the large width difference between the light and heavy B
0
s eigenstates
2Higher order box corrections [37] only enter at δγ/γ ≈ 10−7, well beyond any current or future experimental
sensitivity.
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makes additional CP observables available compared to the B0 system and allows for a determination
of γ with fewer ambiguities.
A particularly powerful time-dependent measurement of γ , described in detail in these proceed-
ings [38], utilizes the decay B0s → D±s K∓. In this case the b→ u and b→ c transitions are both of
order λ 3, leading to large interference, and the large value of ∆Γs allows for a determination of γ
with only a twofold ambiguity. The preliminary result obtained with the full Run I LHCb dataset,
which shows 3.6σ evidence for CP-violation in this mode, is
γ = (127+17−22)
◦ , δ = (358+15−16)
◦ , rD+s K = 0.37
+0.10
−0.09 , (68.3%CL) (7.1)
γ = (127+33−50)
◦ , δ = (358+31−33)
◦ , rD+s K = 0.37
+0.19
−0.19 , (95.4%CL) (7.2)
where δ is the CP-conserving angle between the b→ u and b→ c transitions, rD+s K is the amplitude
ratio of the interfering diagrams, and the intervals for the angles are expressed modulo 180◦.
The uncertainties are a combination of statistical and systematic ones; the statistical uncertainties
dominate and all systematic uncertainties are expected to scale with luminosity for the foreseeable
future.
While not the most sensitive single-mode determination of γ , B0s →D±s K∓ plays a similar role in
the overall LHCb combination [39] of γ to that of the GGSZ measurement. Because of their twofold
ambiguity, these measurements select the “correct” solution among the ones allowed by the most
precise ADS/GLW measurement [40]. For this reason the determination of γ from B0s → D±s K∓,
which is only possible at LHCb, will remain a key measurement for both the current and upgraded
LHCb detectors. LHCb is also pursuing a measurement of time-dependent CP-violation in the
decay mode B0→ D±pi∓, described in these proceedings [41], but no results are available yet. This
measurement, previously performed by BaBar [42], [43] and Belle [44], [45] is much less sensitive
than B0s → D±s K∓, both because of smaller interference and because the small value of ∆Γd leads to
fewer accessible CP-observables. The much smaller CP asymmetry also makes this measurement
particularly sensitive the asymmetries in the flavor tagging of B0 and B¯0 mesons. Nevertheless, it is
expected that both LHCb and Belle-II will carry out this measurement in the future.
8. Theory Developments
8.1 Lattice Calculations
The most precise computation to date for |Vtd | and |Vts|, or alternatively ∆md,s, is recently
available from the Fermilab/MILC collaboration [46], building on previous results for B mixing
matrix elements [47, 48, 49, 50, 51, 52]. These predictions are achieved via a three flavor lattice QCD
calculation for the neutral B mixing hadronic matrix elements, 〈B¯|Oqi |B〉, with Oqi combinations
of scalar, pseudoscalar, vector and axial vector four-quark operators as required by the theory of
interest. In the SM, the oscillation frequency
∆mq =
G2Fm
2
W MBq
6pi2
S0(m2t /m
2
W )η2B|VtbV ∗tq| f 2BqBˆ
(1)
Bq , (8.1)
in which Bˆ(1)Bq is a renormalization-improved bag parameter associated with the operator product
of left-handed quark currents Oq1 = b¯
αγµ(1− γ5)qα b¯β γµ(1− γ5)qβ , while S0(xt) and η2B encode
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known electroweak and perturbative QCD corrections, respectively. Computation of fBq
√
Bˆ(1)Bq may
be combined with either direct measurements of ∆ms,d or CKM global fits to test the self-consistency
of data with lattice calculations. One may also extract |Vtd/Vts| or ∆md/∆ms via the flavor SU(3)
breaking ratio
ξ =
√
f 2BsBˆ
(1)
Bs / f
2
Bd Bˆ
(1)
Bd , (8.2)
in which many theory uncertainties cancel. Computation of the other B mixing matrix elements,
corresponding to the other operators Oqi , permit similar predictions for BSM theories.
This lattice calculation is performed for N f = 2+ 1 light quark flavors. Non-perturbative
renormalization effects are included, while two-loop chiral-continuum extrapolation of the lattice
results determines the physical limits. Presentation of all crucial details may be found in Ref. [46].
Present results are
fBd
√
Bˆ(1)Bd = 227.7(9.5)(2.3) MeV , fBs
√
Bˆ(1)Bs = 274.6(8.4)(2.7) MeV ,
ξ = 1.206(18)(6) , (8.3)
currently the most precise predictions to date. Combination of these results with |Vtq| results from
CKM global fits yields
∆mCKMd = 0.630(53)(42)(5)(13) ps
−1 , ∆mCKMs = 19.6(1.2)(1.0)(0.2)(0.4) ps
−1 ,
∆mCKMd /∆m
CKM
s = 0.0321(10)(15)(0)(3) , (8.4)
in an approximately 2σ tension with direct measurements of these parameters [14]
∆mHFLAVd = 0.5064(19) ps
−1 , ∆mHFLAVs = 17.757(21) ps
−1 . (8.5)
Alternatively, using the direct measurements for ∆md,s produces CKM predictions
|Vtd |= 8.00(33)(2)(3)(8)×10−3 , |Vts|= 39.0(1.2)(0.0)(0.2)(0.4)×10−3 ,
|Vtd/Vts|= 0.2052(31)(4)(0)(10) , (8.6)
approximately ∼ 2σ below the results from global CKM fits [53, 54]. In particular, in the context of
the b→ d unitarity triangle, this tension manifests as a tension between the allowed regions for the
CP violating parameter εK and ∆md/∆ms, with potentially interesting theory implications.
These same lattice calculations also generate predictions for Bd,s→ µµ and ∆Γd,s, with some
mild tensions for Bd decays. Further improved calculations for N f = 2+ 1+ 1 that include the
charm quark sea effects and physical quark masses are anticipated.
8.2 Constrained MFV theories
Given the possible tensions in the unitarity triangle between εK and ∆md,s, it is informative
to consider which classes of BSM theories could account for such tension. A class involving
near-minimal BSM contributions are models of constrained minimal flavor violation (CMFV)
[55, 56, 57, 58, 59]. In these theories, the SM Yukawa couplings Yu and Yd are treated as U(3)×U(3)
flavor violating spurions, generating the sole source of CP violation. BSM effects are encoded in
higher dimensional SM effective operators.
9
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This class of theories preserves the unitarity structure of the CKM matrix. The precisely
measured CKM matrix elements for the first two generations imply the relation, at percent level
precision,
Rt ≡
∣∣∣∣V ∗tbVtdV ∗cbVcd
∣∣∣∣' |Vtd/Vts|λ , (8.7)
where λ is the usual Wolfenstein parameter. The ratio |Vtd/Vts| is determined precisely via Eq. (8.1)
from direct measurements of ∆md/∆ms and lattice computations of ξ . Thus, measurements of
∆md,s and the time-dependent CPV observable SψKS , which determines sin(2β ) (see below), fully
determine a ‘universal unitarity triangle’ (UUT) for the b→ d system for all CMFV theories.
The electroweak loop function S0(xt) in ∆md,s (8.1) also appears in the CP violating parameter
εK . CMFV replaces S0(xt) with a generalized universal function S(v), bounded below by S0(xt)
in most compelling BSM scenarios. The UUT is, however, independent of the electroweak loop
function, as it drops out of the ∆md/∆ms ratio. Consequently, in CMFV theories, there is an extra
degree of freedom between the predictions for |Vub/Vcb| and the CKM angle γ , both fixed by the
UUT, and the constraints from measurements of εK .
This extra freedom is, however, found to be insufficient to relax the tension between ∆md,s and
εK generated in the FNAL/MILC lattice results, when applied together with the bound S(v)≥ S0(xt)
[59, 60]. One may take either ∆ms,d or εK direct measurements as inputs, and thereby determine all
other CKM matrix elements as functions of S(v) via the UUT constraints: ∆md,s direct measurements
imply an upper bound on εK that is too small compared to data; εK data implies lower bounds on
∆md,s, that are above current measurements. If the tension between lattice and experimental data
persists in the unitarity triangle, it will become imperative to consider new sources of flavor violation
in ∆F = 2 processes, beyond CMFV models.
8.3 Precision control of Penguin Pollution
The time-dependent CPV observable SψKS , generated by the interference of B-mixing and
Bd → J/ψKS decay amplitudes, has long been considered a golden mode for extraction of φd , via
the relation SψKS = sin(φd +δφd). The latter ‘penguin pollution’ phase is expected to be CKM and
loop-suppressed, yielding a clean measurement of φd ' 2β in the SM. Similar techniques may be
used to extract φs from, e.g., Bs→ J/ψφ . Estimates place δφd . 1◦ [61, 62, 63, 64, 65, 66, 67, 68,
69], which is near to or larger than the expected precision of upcoming measurements, requiring
theoretical control of these terms.
In general terms, two different paths have been followed to control these penguin pollution
terms. Direct calculational approaches have been attempted using QCD factorization [61], or
factorization combined with perturbative QCD [63], that yield very small estimates δφd . 0.1◦.
A more recent study [68] makes use of an OPE-type approach to directly calculate the penguin
pollution contributions. This analysis integrates out the u-quark loop, associated with this penguin
pollution term, on the basis that the typical momentum flow is large. One obtains a factorization
formula for the penguin contributions, and one may show that soft and collinear divergences formally
cancel or factorize up to Λqcd/mJ/ψ corrections. Large-Nc arguments permit estimation of remaining
uncertainties, yielding δφd < 0.68◦ and δφs . 1◦.
A second, complementary path makes use of light quark flavor symmetries to constrain or
eliminate penguin pollution effects in particular observables. For example on may make use of
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U-spin symmetry to control pollution of SψKS with B→ J/ψpi data, up to symmetry breaking
effects [62, 64, 65, 67]. Full SU(3) analyses [66, 67, 69] that treat all flavor symmetry breaking
effects, or subsets of them, can be used to control penguin pollution. A simultaneous fit [66] predicts
δφd . 0.6◦. Flavor symmetry relations beyond the flavor symmetry limit [69] permit extraction
of φd with penguin pollution suppressed by SU(3) breaking, but require precision measurement of
CP-averaged rates in the charged and neutral B→ J/ψK and B→ J/ψpi systems.
8.4 Lessons of isospin violation
Measurement of CP averaged rates at the percent-level precision required for the use of above-
mentioned flavor SU(3) results [66, 69] in turn requires careful inclusion of isospin violating effects
in the ratio of neutral and charged B production at the ϒ(4S) [70]. Knowledge of this ratio, r+0 =
f+−/ f00, is crucial for precision measurement of branching ratios: the measured charged (neutral) B
branching ratios are known up to a 1+ r+0 (1+1/r+0) factor, expected to be of the order of a few
percent from unity. Control of this ratio can be achieved, independently of isospin assumptions,
via e.g. counting single versus double tagged semileptonic B decays [71], from which r+0 may be
extracted under the assumption f00+ f+− = 1 and uncorrelated reconstruction efficiencies, or via
e.g. measuring relative branching ratios for inclusive semileptonic processes [72, 14], in which
isospin violation is expected to be suppressed to order 1/m2b. Combination of available data for
these two approaches yields r+0 = 1.027±0.037 [70].
9. Conclusion
The last two decades have seen enormous progress in the understanding of B meson mixing and
mixing-related CP violation, both in terms of precise experimental measurements of the underlying
constants of nature and in terms of the theoretical understanding of their values within the Standard
Model. We now have precise measurements or stringent limits on the mass splitting, width splitting,
and mixing phase in both the B0 and B0s systems, while mixing-induced CP violation is being
precisely measured or constrained in an ever increasing number of final states. With the LHCb
upgrade [73] and Belle II [74] detectors due to come online in the next few years, and none of
the fundamental measurements yet systematically limited, we can expect this progress to continue.
Important contributions, particularly as regards φs and ∆Γd can also be expected from CMS and
ATLAS, and in particular it is realistic to expect the B0s mixing phase to be measured significantly
away from zero even at the Standard Model value within the next decade. Recently the LHCb
collaboration has proposed a Phase II upgrade of its detector [75], to take data in the HL-LHC
period, which would collect 300 fb−1, and enable not only a single-experiment observation of φs in
multiple independent decay modes, but also make it possible to see evidence for a non-zero ∆Γd at
its Standard Model value.
Computation and further control of subleading corrections in the extraction of CKM angles and
matrix elements from B mixing has proceeded apace with new state-of-the-art lattice calculations.
The former, particularly extraction of sin2β from b→ cc¯s decays, has been the subject of various
recent studies, with the emerging conclusion that theory uncertainties are likely smaller than the
attainable experimental precision. Recent direct calculations as well as new flavor symmetry
analyses will provide complementary handles to decide this question. State-of-the-art lattice results
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for B-mixing matrix elements indicate a possible evolving tension between predicted and measured
mass splittings ∆md,s, or in the context of the b→ d CKM unitarity triangle, a tension between ∆ms,d
and εK allowed regions. Apart from constrained minimal violation theories, which seem unable to
account for this tension, at present potential theoretical implications are relatively unexplored.
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